Abstract. The time evolution of a damped two-level atom coupled to a damped field mode at resonance is calculated analytically as well as numerically in the basis of dressed states. We study the dynamics of the density matrix and of observables, e.g. the number of field quanta. For the initial states we consider the field to be in a Fock or Glauber state and the atom in the ground or excited state. We show the significant influence of the damping on the well-known phenomena of this model, e.g. collapse and revival. 
Introduction
The Hamiltonian of the Jaynes-Cummings-model [1]
is the commonly preferred framework for describing the interaction of an atom (or ion or molecule) with the electromagnetic field (or the harmonic oscillation of the center of mass of the atom in an external field). The Hamiltonian describes stimulated emission and absorption at resonance -with detuning we would need two frequencies ω A = ω L . In the following we use the eigenstates of the Hamiltonian ("dressed states") [2] [3] [4] |ε, n = |↓, n + 1 + ε|↑, n √ 2
with ε = ± and n ∈ {0, 1, . . . }. In addition we have the ground state | ↓, 0 with energy − 1 2 ω. This state can formally be included by allowing n = −1, as | ↓, 0 = (|+, −1 + |−, −1 )/ √ 2. The eigenvalues of the Hamiltonian are given by
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In order to describe dissipation, e.g. spontaneous emission, one has to treat the system as open. We prefer to use the master equation
where the damping of the atom and of the field mode are treated separately, with γ A and γ L being their respective decay constants. A dephasing of the atomic coherence is incorporated by the last term which is usually written as γ P (σ z σ z − ). The environment is assumed to be at zero temperature, hence no thermic excitation is included. The Liouville equation (5) conserves tr = 1 and guarantees that the density operator remains a Hermitian and positive operator as shown by Lindblad [6] .
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We will use the parameters of the microwave experiment at Paris [9]
Because of γ L γ A many authors (e.g. [12] [13] [14] ) neglect the damping of the atom. However, we will show, that this can straightforwardly be included in the first order as long as the sum γ A + γ P is not significantly larger than γ L .
Our method to solve equation (5) in the basis of dressed states (Eq. (2)) is motivated by the physical parameters in equation (6): high quality experiments tend to reduce damping as much as possible. In this strong coupling limit (g γ L , γ A , γ P ) it seems advisable to treat the system in a basis that diagonalizes the Hamiltonian. Only in the opposite regime of strong damping (γ L , γ A , γ P g) should one use a basis of damped states [15] . In this reference the problem is solved even for detuning (ω A = ω L ) and for T = 0. This could be achieved, however, only by more elaborate mathematical tools, involving 4×4-matrix continued fractions and with all the parameters in equations (1, 5) whereas we employ an interaction representation with mean damping. In this way the problem needs not to be treated on the very short timescale 1/ω and all 4×4-matrices are nearly diagonal: we can approximate the findings by scalar equations and so the problem does not become "rather involved" as suggested in reference [15] . This reference also deals with the number of field quanta through an expression (Eq. (4.16) in their paper) based on an infinite number of "constants a n , b n , c n ... which are determined by the initial state of the field". Technically this is correct but there is no further explanation. That is there is no discussion of the initial Glauber state.
In [16] the problem is treated analytically for large detuning.
We are not only interested in the evolution of the density matrix as given by equation (5) or of equivalent quasi probabilities [12] [13] [14] but also in the dynamics of observables.
In the next section we express equation (5) as a matrix equation in the basis of dressed states: the damping acts as a non Hermitian "interaction" and we introduce a non unitary transformation to simplify the differential 1 In that experiment the "ground state" of our model can decay to a third state, because it is a highly excited Rydberg state. However, there the detector only counts atoms which are either in the ground or in the excited state: atoms in the third (decayed) state do not contribute to the signal. Furthermore the corresponding decay rate is about equal to γA and thus much smaller than any other relevant frequency. We therefore do not take this effect into account in our model. One might be tempted to also neglect the decay of the excited state to the ground state. We keep this parameter for the generality of the model, which can also be applied to experiments where γA is considerably larger, e.g. to the experiments at Konstanz (now Garching) [ equation. This is solved approximately in Section 3 to proceed analytically. The diagonal elements of the density operator (Sect. 4) are especially interesting since they acquire a time dependence through the damping. Here we derive simple expressions for an initial Fock state ("number state") or Glauber state ("coherent state") of the field and ground or excited state of the atom. These matrix elements are used to calculate the number of field quanta in Section 5. In Section 6 we remedy the approximation in Section 3 and describe the correct procedure. However this is only feasible numerically.
After that we show the danger of calculating the time evolution of observables in the Jaynes-Cummings model directly -in the quasi classical approach one neglects the correlation between atom and field and thus collects large errors even without damping (Sect. 7). This problem is circumvented in Section 8 by using a set of four characteristic functions which include all the correlations between field and atom. Their time dependence is given by a system of partial differential equations. In Section 9 this method is demonstrated for an undamped system, where an analytic solution can be found. With damping one has to resort to approximations as shown in Section 10. As an example the time dependence of the number of field quanta is calculated.
Transformation of the Liouville equation
Starting from equation (5) which can be written as a system of inhomogeneous linear differential equations and with the abbreviation r
The solution of the differential equation ( (8) is already given by the other diagonal elements ε, n| |ε, n because the Liouville equation conserves tr = 1. Splitting off time dependent factors will help to solve the problem: ε, n| |ε , n = exp {−i(n − n ) ωt} ε, n| |ε , n
= exp − [ i(n − n ) ω + (n + 1 + n ) γ L + γ A + γ P ] t ε, n| |ε , n ,
